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ABSTRACT. In this paper the structure of a subset E C R” with H'(E) <
has been studied by examining its intersection with various translated
positions of a smooth hypersurface B. The following result has been estab-
lished:

Let B be a proper (n — 1) dimensional smooth submanifold of R* with
nonzero Gaussian curvature at every point. If E c R* with H\(E) < 0,
then there exists a countably l-rectifiable Borel subset R of R” such that
(E ~ R) is purely (H!, 1) unrectifiable and (E~ R) N (g + B) = @ for
almost all g € R,

Furthermore, if in addition E is H' measurable and EN (g + B) =0
for H" almost all g € R” then H'(E N R) = 0. Consequently, E is purely
(H!, 1) unrectifiable.

Introduction. The study of the geometric structure of subsets of R” relative
to properties of their projections on k-dimensional linear subspaces has
always played a central role in the progress of geometric measure theory. For
example, the proof in [FF] of the existence of solutions for Plateau’s problem
and the minimal surface problem is dependent on this structure theory. The
first results in this direction were obtained by Besicovitch in [BE], where he
characterized 1-dimensional rectifiable subsets of R? in terms of their
projection properties. His results were extended by Federer [F2] to subsets of
R" and by Brothers [B] to subsets of homogeneous spaces.

Federer showed that if E c R® with H*(E) < oo then there exists a
countably k-rectifiable Borel subset R of R" such that E ~ R is purely
(H*, k) unrectifiable and L*[p(E ~ R)]=0 for almost all orthogonal
projections p: R* — R* where L* is the Lebesgue measure in R*.

Brothers generalized Federer’s results to subsets of a smooth n-dimensional
Riemannian manifold X with a transitive group of isometries G. In order to
make the transition from R” to X it was necessary to restate the projection
properties without referring to projections. This he achieved by replacing
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orthogonal projections of 4 C R” into R¥ with intersections 4 N g(P) where
g is an isometry of R” and P a fixed (n — k)-dimensional linear subspace. For
example the statement “p(4) has Lebesgue measure zero for almost all
orthogonal projections p: R” — R*” is equivalent to “4 N g(P) is empty for
almost all isometries g.” Thus his main result has the following form:

Let G be a Lie group of isometries of X with dim G = n(n + 1)/2 and
suppose G acts transitively on X. Let B be a fixed (n — k)-dimensional
smooth submanifold of X. If E ¢ X with H*(E) < oo then there exists a
countably k-rectifiable Borel subset R of X such that (E ~ R) is purely
(H*, k) unrectifiable and

(E~R)ng(B)=92

for almost allg € G.

One of the central features of the proof of the above theorem is the use of
the fact that the isotropy group at a point 0 € X acts on the tangent space at
0 as either the orthogonal group or the special orthogonal group. We also
note that dim G = n(n + 1)/2 implies in the Euclidean case that G is either
the full group of isometries or the component of this group which contains
the identity. Further, if X is connected and dim G = n(n + 1)/2, then X
must be of constant curvature. Thus it is natural to ask if it is possible to
obtain similar results with less restrictive assumptions on G; that is, can
Brothers’ results hold if the dimension of G is less than n(n + 1)/2?

Notice that if we take k = 1 and B = S"~! c R" in Brothers’ theorem then
it follows that for almost all translations g of R”

(E~R)Ng(B)=Q.

On the other hand, standard examples (see for example [F1, 3.3.19]) show that
this may not be true if B is a hyperplane. Based upon these examples together
with the structure of the proof of his theorem, Brothers conjectured that if G
is the group of translations of X = R” then his result will hold at least for
(H', 1) rectifiability provided it is assumed that the Gaussian curvature of B
does not vanish. In this paper we prove this conjecture. Our main result is the
following:

THEOREM 1. Let B be a proper (n — 1)-dimensional smooth submanifold of R"
with nonzero Gaussian curvature at every point. If E C R with H(E) < oo,
then there exists a countably 1-rectifiable Borel subset R of R" such that
(E ~ R) is purely (H', 1) unrectifiable and

(E~R)Nn(g+B)=0
Jor almost all g € R".
Furthermore, if in addition E is H' measurable and E N (g + B) = @ for
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H" almost all g € R" then H(E N R) = 0. Consequently, E is purely (H', 1)
unrectifiable.

Theorem 2 is an extension of this result involving measures more general
than H'.

The problem of extending these results to the general case where X is a Lie
group with an invariant metric is difficult because of noncommutativity. On
the other hand, our results clearly hold when X is a torus, hence for the case
where X is an Abelian Lie group. In a subsequent paper we will investigate
the possibility of extending our results to the case where k > 1.

I am indebted to Professor John Brothers for his continuing help, advice
and encouragement during the preparation of this paper. He has always been
a source of inspiration.

Preliminaries. The purpose of this section is to fix basic notation and
terminology; more details may be found in [F1].

If M is an /-dimensional manifold of class 1 and ¥ € M, then T, (M) is the
I-dimensional real vector space of tangent vectors of M at u.

For each finite dimensional vector space ¥ and / =0,1,2,...,dim V,
A,(V) is the associated vector space of / vectors. Furthermore,

dim V
A(V)= @ A(Y)

is the corresponding exterior algebra, with exterior multiplication A.

Suppose M and N are manifolds of class 1 and f: M- N. If u € M,
w = f(u) and f is differentiable at u, the differential of f at u is a linear
transformation

f# (u): Tu(M) g TW(N)
J4(u) can be extended to a unique algebra homomorphism

fa () A [T (M)] - AT N)].
If M and N are Riemannian manifolds and
r = inf{dim M, dim N'}
then the Jacobian of f at u is

Jf(u) = sup{| fs (u)(0)|: 0 € A,[T,(M)],|v|= 1}

where the indicated norm is induced by the metric on M and N.

If u=(u,...,u)and w=(w,...,w,) €R", the inner product of u
andwisu-w=37_,u-w,.

ey . . . » &, are the standard orthonormal basis vectors of R”.

Let ¢ be a nonnegative measure on a Riemannian manifold M such that
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closed sets are ¢ measurable. In particular, H' is the /-dimensional Hausdorff
measure on M.

The family of Suslin subsets of M contains the Borel subsets of M and has
the following properties:

Each Suslin set is ¢ measurable.

If {F;} is a countable family of Suslin sets, then U2, F, and N2, F, are
Suslin sets.

If N is a smooth manifold and f: M — N is continuous, then f(S) and
f~XT) are Suslin sets whenever S and T are Suslin subsets of M and N
respectively.

If p measures Y and 4 C Y, then p | _ A is the measure on-Y defined by
the formula

pl_A(S)=p(4NnS) forScY.
If f: Y - Z, then f,.(p) is the measure on Z defined by

fe(B)(S) = p[f7'(S)] forS cCZ

R C M is k-rectifiable if there exists a Lipschitzian function mapping some
bounded subset of R onto R.

R C M is countably k-rectifiable if R is the union of a countable family of
k-rectifiable sets.

E C M is countably (¢, k) rectifiable if there exists a countably k-rectifiable
set R with ¢(E ~ R) = 0.

E c M is (9, k) rectifiable if ¢(E) < oo and E is countably (¢, k)
rectifiable.

E c M is purely (¢, k) unrectifiable if E contains no k-rectifiable set R with
¢(R) > 0.

U(u,r) =R N {w: |w—u|<r)
forr > 0, u € R%.
Ifr>0,5s>0,u€R" and Y C R then
X(u,r, Y,s) =R"n {w: dist(w, Y) < s dist(w, u)} N U,(, ).
Throughout this paper B will denote a proper (n — 1)-dimensional

submanifold of class « of R” with nonzero Gaussian curvature at every
point. If s > 0 and g € — B denote

K,, = {h: |h — g|< s} n(—B).
Also,
K, ,(B)={h+b:hEK,,bE B}
If F: U— Ris a C?function, where U is an open subset of R”, we denote
D,F(x)=0F(x)/dx, i=12,...,n.
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D,;F(x) =3%F (x)/xdx, ij=12...,n
We will denote by f: R” X R" — R” the map defined by
fo(a,b) =a —b.
If A C R", then S, is the set of (a, b) € R" X B such that for some e > 0

lim sup ¢[4 NX(a,r,a— b+ B,s)](r) "=0.
s=0* o<r<e
S, is the set of (a, b)) € R” X B such that for alle > 0
lim sup ¢[4 NX(a,r,a—b+ B,s)](rs) "' = 0.
s=0* o<r<e

Sy3=R"X BN {(a,b):a €Clos[4 N(a—b+ B)~{a}l}.

LEMMA 1. For any g € — B there exist positive constants ry, s, a, B such that
if0< s < sy, then

(i) X(0, r, g + B, s) C K, ,(B),

(ii) X(0, o0, g + B, 5) D K, 5,(B) ~ {0}.

ProoF. Without loss of generality we may assume g = 0 € B. By a proper
choice of coordinate axes we may assume that

BnU,01)= {(x,f(x)):x €U},

where 0 € U, U is an open subset of R"~! which contains {x € R*~!:
|x|] < 1/2} and f: U - Ris of class C* and such that

) f©0 =0, Df(0)=0 fori=12...,n—-1
We may also assume that f is Lipschitzian and if |x| < 1/2, then
@ [f(x)] <]l

@) DS ()] 1D ()]s | Dyf (3)] < Cn~?

forj,llm=12,...,n— 1,whereC > 1.
Our assumption that the Gaussian curvature does not vanish at any point
of B leads to the fact [KN, Volume 2, p. 17] that

@) det(Df () #0, 1j=12...,n—1

Let L be the linear transformation of R*~! with the matrix (Dyf(0)). Then
there exists 0 < ¥ < C/2 such that whenevery € §"~2 c R},

®) |IL(y)-¢|> V forsomej € (1,2,...,n—1}.

PART 1. Fix x, x, € R* ' and s € R such that 0 < |xo| < (V/8C), |x — x|
< (sV|xo]/16C), and 0 < s < (V/8Cn). Then the set of numbers f(x + ) —
J(® = f(xo) corresponding to t = tie,and 1 € {1,2,...,n — 1} with |t]| < s
contains the interval {r: |r| < sV|x,|/16}.

PROOF. Let us consider the sets
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S, = {x: 0 <|x]<(V/4C)} N R*",
S, = {r:0<f|<(V/2C)} nR*"L,
Let x € S,, t € S,. Expanding f(x + ) about x and f(#) about 0, we have

n—1

©) S+ 0= 5() = S+ DI + 3 44R
=

where

Ri=f (1= 0){Df (x + 81) — D,f(6)) 0.

By assumption (3)

) |Ry| <|x|C/2.

Also,
n—1 [ n-1 n—1

® o0 =51 51050+ ] 5 mnnso]
Jj= = m,l=

where0 < §, < 1.
Now lety = (x/|x|) € $"~2 Then from (5), for some /

©) 0<¥< %(xk/|x|)D,kf(O) .
Consequently by setting # = 0 for j # [ in (8), we get
(10) 4Df (x) = |x|4H,
where

H= % (x%/|%|)Duf (0) + (|x|/2)k2 (% 1% X/ 1X)) Dt f (8i%)-

By (9) and (3), we conclude that
|H|> V-V/8>V/2

Therefore from (6), (10) we get

f(x+0) = f(O) = f(x) =|x|t,H + t?R, with
(11) |H|> V/2and |Ry| < (|x|C/2) for

t=1te € S,andx € S,.

Now let x, x,, s be such that 0 < |xo| < (V/8C), |x — xo| < (sV|x0|/16C)

and 0 < s < (V/8Cn). Notice that x € S,. Also,
12 |£(x) = f(x0)] < (s¥]xo|/16).
Now by (11), fort = ¢, € S,,
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f(x +8) = f() = f(x0) =|x|t,H + 2R, + f(x) — f(xo),
where |[H| > V/2 and |R| < |x|C/2.
Suppose H > 0. Since s < V/2C, t = s¢, € S,. By setting 7, = s, we
obtain
Qe+ 1) = £() = f(xo) > (jx]/2)(Vs = C5) = sV]x|/16
> (|%0]/2)(1/2)s(V — Cs) — sV]x,|/16 > sV]x,|/16.
Similarly, putting ¢, = — s, we obtain
f(x+ ) = f(1) = f(x0) < —sV]xo|/16.
Since for fixed x, xq, 5, f(x + ) — f(¢) — f(x,) with ¢ = t,¢; is a continuous
function of # on the interval [—s, s], we conclude that Part 1 holds. Finally,
in the case where H < 0 we reach the same conclusion by replacing s by —s.
PART 2. K4 (B N UL(0, 1)) D U,((xq, f(x0)), rVs/64C) where 0 <s <
V/8Cn, 0 < |xo| < V/8C and r = |(xg, f(xo))]-
PROOF. Let

Sy, =R N {x:|x = x| < s¥|x,|/16C}
X RN {& | = f(xo)] <(sV]xo|/16)(1 = sV/8C)}.
Since |xo| < 1/2, r < 2|x| by (2). Also,
(Vs|xo|/16)(1 — sV /8C) > rVs/64C.
Thus
13) U,((xe f(x0)), rVs/64C) C S,
So, let (x,§) € S,. We observe that x € §;. Since [§ — f(x))| <
sV |x,|/16, by Part 1 there exists # = #,¢, such that |¢| < s, and
S(x+0) = £(6) = f(x0) = § = f(xo)-
Notice that by (2) (—¢, —f(?)) € K,4, C — B. Also,

(x+tf(x+1)€BNULO,1I).
Thus

(%, §) € Koy (B N U,(0, 1)).

This together with (13) establishes our claim.
PART 3. Ky 4,(B) D X(0, V/16C, B, sV/128C) where 0 < x < V/8nC.
Proor. If w € X(0, V/16C, B, sV /128C), then there exists b € B such
that |b — w| < rosV/128C, where ry = |w|. Now r = |b| > |w| — |b — w| >
;I'_(i/Z and r < 2r, < V/8C. Therefore b = (xq, f(xg) with |xo| < V/8C.
ence
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w € U,((x0, f(%0)), 7sV/64C) C Ko (B N U(0, 1))

by Part 2.
From Part 3 we get (i) of Lemma 1 immediately.
Turning to the proof of (i) of the lemma, we claim that

(14) Koz (B) ~U,(0, 1/16) c X(0, oo, B, 325),

where 0 < s < ¥/8nC < 1/32. Indeed, if u € K;,,(B) ~ U, (0, 1/16), then
u=g+w; g€ K;,,w € B. But then

[distance(u, B)]/ 4| < 32s.

Next let ) € Ky,,(B) N U,(0, 1/16). This means that u; = g, + w,, with
g1 € Ky, and w; € B, and |u;| < 1/16. Therefore

5) Ko (B) N U0, 1/16) C Ko (B N U,(0, 1/8)).

So let us assume u € K, (B NU,(0, 1/8)). Then u=(t, — f(—1) +
(x, f(x)) where (1, — f(—1)) € K;,, and (x, f(x)) € B n U,(0, 1/8). Write
y = x + t,so that |y| < 1/4. Thusy € U. Also,

f(x) = f(=t)=f(x) = f(x =)
=f(») + DF(¥)(x —y) + 2{ (% = ¥)(x = )Ry
I

where

By=[(1= 0)(Duf (v + 0(x = ) = Dy (0(x = »)) db

and, as in (7), |Ry| < |y|C/2. Note that |D;f(y)| < C|y|. We thus conclude
that

If(x) = £(=1) = f(»)| < C|»[2sn + n*(25)’||C/2.
Writing v = (y, f(»)) we find that
(16) 1£(x) = £(=1) = 1()] < 4Jo|Cn’s,

hence distance(u, B) < |u — v| < 4|v|Cn. Since |v]| < 2|u| by (2) we con-
clude that u € X(0, oo, B, 8Cn’). Hence

Ky, (B) N U,(0, 1/16) C X(0, oo, B, 8Cn’s),
by (15). This together with (14) establishes ().

LEMMA 2. Let g € — B. Then there exist positive numbers r,, s,, H,, H, and
6 > lsuchthat if0<s<s,and 0% w € K, (B) N U,(0, r,), then

@ H'w - B) N K, ] > His"?,

@ H(w - B)n K,,] < Hys""2

PROOF. Assuming g = 0 € B and choosing f and U as in the proof of
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Lemma 1 we denote U, = — U and define h: Uy, —> R by h(x) = — f(—x.).
Thus

=B NnU,0,1) = {(x, h(x)): x € Uy }.

Since det(Dj;h(0)) # 0, we can (with the use of an orthogonal change of
coordinates) assume 4 has a Taylor expansion of the form

n—1 n—-1
) h(x) = 2 kxi+ 3
i=1 ijk=
with k; # 0, |, | and | D, | bounded and C* on U, We will write
Ky = min([ky|, ..., |k,_]) >0 and K =max(l, |k|,..., |k,_y|)-
Fori=1,2,...,(n = 1) wewill write m,x = (X}, .« ., X;_1s Xjy15+ o » Xy 1)
€ R""2 Whenever x = (X, « -« » X;_ 1 Xjp Xjpp + « + » Xo—p) E R*7L,
PART 1. There exist C > 2,0 < y < min(1/16, K,/[4C(2n)'/?)), and a C*
Junction ® defined on
@=R"!'XRXR"!'XR
N {(x, 0,3, m): x| < 174, || <1/4, |y* +n* = 1}
such that if 0 < s < yand 0 # w = p(y, 1) € K,,(B) N U, (0, y) with |y|* +
[n[? = 1, then the following are true:

@ (w = B) N Ko, = {(x, h(x)) € K2 (x, p, y, m) = 0}.
(ii) There exists i € {1, 2, ..., n — 1} (which depends only on y) such that

|y > @2n)™"2,

| 0 (X)X, %z

and for |x| < v,
|D:@(x, p, ¥, m)| > 1/C
and
|D;®(x, p, ¥, 1)/ D;®(x, p,y,m)| < C forj=1,2,...,n—1,j#i.

@iii) If fori=1,2,...,n — 1 we write ®,(x;, p, y, 1) = ®(x, p, y, 1) where
x=(0,...,0,x,0,...,0), |x;| < 1/4, then there exist C* functions ¢, g,
each having domain R X R X R"™! X R N {(x;, p, y, m): |x], |o] < 1/4, |y
+ |nf* = 1} such that | g}, |8}, |D\¢;| < C and

n—1
q)i(xia P, T’) = 2kixiyi -p 2 ktytz -n
i=1

+8,(xi P2, M)X7 + pdi(x;, p, y, 7).
ProOF. By choosing p, sufficiently small (0 < p, < 1/8) we may assume
that

B N U,(0, 2p5) ~ {0} C X(0, o0, Ty(B), 1/8).
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Now if u € X(0, o0, B N U, (0, 2p), o) where 0 < s, < 1/8 then there exists
0# b€ BnU,Q0, 2, such that |u— b| < |u|s,. But by the above
assumption there exists w € To(B) such that |b — w| < |b|/8 < 9|u|/64.
Hence u € X(0, o0, T(B), 1/2). Assuming s, < s5,, we apply Lemma 1(ii)
with Bs = p, = min(Bs,, py) to obtain

@ [Kop (B N UL0,20))] ~ {0} CX(0, 0, To(B), 1/2).

Consider now x € R*™! and (¢, ) € R*"! X R = R" with |(1, §)|, |x| <
1/4. Applying (1) and writing (¢, 8) = p(y, 1) where |(y, 7)| = 1, we obtain
?3) h(x) = h(x = t) — 0 = p®(x, p, ¥, 1)
where

n—1 n—1
O(x, p,y,m) = 2 2kxy;— p 2 kyl—n+ R(x,p,5,m)
i=1

i=1
with
n—1

R(x,p,y,m) = ) % la:jk(x){ —ViXiXpe = YiXiXj — VXX
ij,k=

+ PXYY + PXYY + PXY ) — PV i)

+ "i‘ [{)’I.I:DI“yk("x + (1= 7)(x — )) d'T]

i,k =1

X (x; = ) (% — o) (% — pyk)]-

Obviously @ is C* with domain

Q= {(x, .y, ): |x|< 1/4, || < 1/4, |y + " = 1}
Foreachi=1,2,...,(n — 1) we write
D®=00/0x;,=2ky;+ T,, + T,

where T, , stands for the sum of all terms containing at least one x; but not p
as a factor and 7;, stands for the sum of all terms with p as a factor. Since
lels | Dyet| are all bounded, by assuming |x|, |p| < ¥ < 1/4 we can make
| Tl T3l < Ko/1221)'7%).

Also, for each i €(1,2,...,n— 1}, by setting x; = 0 for j#i in
R (x, p, y, n) we will get functions of x;, p, y, 1 in this form:

& (% Py, M} + p9i(%p 23, M)

We may assume
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|g,~(x,», [ "7)|, |D,g,~(x,-, [ "7)|’ |Dl¢,~(xi, [ 23D "T)I <C
where C > 3K(2n)"/2/K, > 2. Let
v = min(y’, 1/16, Ko/ [4C@m)'*], p1).
Fix0<s<yand 0# w € K;,(B) N U,(@, v). Then
@ Ko, (B) N U,(0,7) = Ky, (B N Uy (0, 27)) N U,(0, v),
(5) (W_B)nKo’:=(W+K0'4Y)nKoJ.
Therefore, writing w = (¢, ) = p(y,n) with |(»,7)| = 1 and using (3) we
obtain
(W - B) N KO,J = {(x, h(x)) n Ko‘s: Q(X, 0Y, n) = 0}
giving us (i) of Part 1.

Furthermore, if 0 # w € K, (B) N U,(0, y) where 0 < s < y and |x| <
¥, then from (4) and (2) we have 0 # w € X(0, oo, Ty(B), 1/2). Since Ty(B)
=R""!x {0} and w = p(y, ), |¥[> + [n]> = |, there exists i € {1,2,...,n
— 1} for which |y;| > [2(n — 1)]""/2 > (2n)~"/2 But then

|D®(x, p,y, m)| =|2ky; + T, + T, |> Ko/ (2n)'*> 1/C.
Also,forj=1,2,...,n— 1,j # i, we have

|D,®(x, p, ¥, )/ D,®(x, p, y, m)| < 3(2n)'/’K/ K,

This proves (ii) of Part 1.

PART 2. Let 0 < s < v/4nC and p,mn € R,y € R""! be given with |y +
[ =1, |o| < y and |y;| > (2n)~"/2 Let |a;| < Csn be such that ®(a;, p, y, n)
=0. If |x;| < Csn and ®,(x;, p,y, 1) = O, then x; = a;.

PrOOF. Suppose |¢;| < Csn. Then

|®(ci» 0,7, m)| = Izki(ai -Gyt [ &(as p,y, ma; = gi(cs 0,7, "1)“:'2]

+ p[¢i(as oy, 1) — 9(Cs 0, ]|

Applying the mean value theorem to g; and ¢; and using the bounds on
8> D, g, D,¢; one can show that since Csn < y this expression is not less than
la, = | Ko/(2n)'72.

PArRT 3. If0 < s < y/4nC and

0#w=p(y;n) € Koyyc (B NU,0,27)) N U,(0, ) with |(y,9)| =1,

then there exists i € {1,2,...,n — 1} (depending only on y) such that |y,| >
(2n)~'/2, Corresponding to such an i there is a C*® function

Yt Up_2(0,s/C) >R
such that
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() If |z] < s/C, then
@(0;(2), p,y,m) =0
where we define
6:(2) = (21 2t i (D 2+ Zaa) (Yas(2) im ith place).
(i)
[¥,:(0)| < 2ns.
(i) If x € R*" ), |x| < s/C and ®(x, p, y, 1) = 0, then
x = 0;(mx).
It follows that
H""2[(w = B) N Kogn] > Hys" ™2

where H) = C2~"H""4U,_,(0, 1)].

ProoF. We have w = g, + b, where g, € K,/ and by € B 0 U, (0, 2y).
Set g, = (xg, h(x)) where x, € R*~ 1, By Part 1(i), ®(x,, p, ¥, 1) = 0. In view
of (i) of Part 1, we may assume that |y,_;| > (2n)~"/? and
|D,_,®(x, p,y,m)] > 1/C for |x| < y. We will identify R*“2 X R = R*"};
denote xo = (24, {,)- By the implicit function theorem there exist a § > 0 and
a C® function ¢z U,_5(z9, 6) > R such that y;(zp) = §, and
Oz, Y52 .7, M) = 0, |(z, Y4(2)| < v/2 for |z — 2| < &, and the
relations
® (> py,m) =0, |y = Ys(To X)) <8, Ty X — 2] < 8
hold only in case x’,_, = y;3(m,_,x). Since p, y, n are all fixed we may write
®(z, Y;5(2)) in place of ®((z, Y5(2)), p, y, n). We claim that § may be assumed
to be greater than 2s/C.

Let S be the set of all § > 0 corresponding to which there exists {5 as
above and let §; = lub S. We may assume §, < 2s/C. Since the y; are
unique we conclude that §, € S with U {¢5: § € S} = {5 Set § = ¢ By
Part 1(ii), [Dy] < C,j € {1,2,...,n — 2}. Thus ¢ is Lipschitz, and hence
uniformly continuous in U, _,(z,, 8,). Therefore y has a continuous extension
to the Closure of U,_5(z,, 8,). Let z be such that |z — z| = §, and denote
¢ = Y(2). Since @ is continuous, ¢(z, {) = 0. By the mean value theorem and
continuity of ¢, |{| < 2ns. Also |z| < 3s, so |(z, )| < 4ns < y. Thus
D,_®(z,$) # 0. Hence Y has a C® extension in a neighborhood of the
compact set Clos U, _,(z, 8y) [H, p. 23] which contradicts the maximality of

8. Writing ,,; = ¢ we conclude that (i) and (i) hold. Note that it also
follows from what we have shown that

((2,8), h(2,8)) € Kogns for|z|< s/Candy(z) = .
Thus by Part 1(i) we conclude that
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H""2[(w = B) N Kogns)
> H72[P,_1((w — B) N Kogn)]
where P,y (X5« oo s X1y %) = (Xpp -+« » X,—y) ER*!

> H"2[U,_,0, )](s/C)" 2

Finally, fix x € R*~! such that |x| < s/C and ®(x, p, y, 1) = 0. Choosing
V¥,,»—1 as above with x, replaces by x we infer from Part 2 that y,,,_,(0) =
¥p.n-1(0). Thus by (¥)

Yon-1[Un-200, 5/ C) = Yy pes|Up2(0, 5/C)
which proves (iii).
PART 4. There exist 0 < ay < 1,0 < 50 < v/4nC, 0 < 8, < y and for each

i€{1,2,...,n— 1} apositive integer m; such that the following is true:
Let

W=R"'XRn {(y): |(3:m)] =1, [n] < agso}.
For each i€ {1,2,...,n—1} and j € {1,2,...,m} there exist §; >0,
Upm) EWi=Wn {Omm): [sn)l=1, |y >[2n-D]""2) and 6
R0 {z: |2 < 8) X RN {p: o] < 8} X R X R) N {(»,n): |(,m)|
=1 | = Oyl < 8 [yl > @n)"%) >R all having the same
Lipschitz constant Hy, such that for each (yo, ng) € W there exist i and j for
which:

ORIXRAAO,M: [l =1, [0, 1) = WMl < 8} CR™! XR
N AWM s = LI, = 0y 0)l < 8 Iyl > @n)~13).

@) If || < 8, (»»m) ERIXRA{Q,7): 1M =1, |V, 7) -
(Yo mo)| < &) and |z| € R*"2 with |z| < 8, then

|0,-j Py, 'q)| < Csgn,
and
®(0;(z, 0,7, 1), p, 7, 1) =0
where we define
0;(z, 0,7:m) = (215 - 5 0(2, P, 95 M)s « « s 2,-3) (0 in ith place).

Proor. Using differentiability of 4 together with Lemma 1 and the fact that
0 € B, we infer the existence of 0 < s, < v/4nC, and 0 < «, < 1 such that

Clos X(0, v/2, To(B), a5o) C Ko,/c(B) N U4(0,v)
c X(0, o0, T(B), 1/2) U {0}.

We may assume thati = n — 1; fix (y, 1) € W,_, and let 0 < |p| < y/2.
Then
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0 # p(y, 1) € Clos X(0, v/2, To(B), ags,) C Kos/c(B) N ULO, v).

Let Y,(,ma-1 be the C* function found in Part 3. Observing that i is
independent of p, we conclude using Part 3(i), (ii) and continuity of & at
p = 0 that there exists a,_, € R such that ®(0,a,_,),0,y,m7)=0 and
|a,-,| < 2ns < Cns,. Also we infer from Part 1(ii) that |D,_,®((0, a,_,), 0,
»,m)| > 1/C. Using the implicit function theorem at each of the points
(©,a,_)),0,y,m) ER*"!XRXR"! xR where (y,n) € W,_, together
with the Lebesgue covering lemma, we easily infer (i) and (ii) by noting that if
(Yo mp) € W then
(Yo M) € Clos X(0, 1, To(B), aps,) C X(0, o0, To(B), 1/2) U {0};

consequently there exists ani € {1, 2, ..., n — 1} such that

val>[20n = 1] 72
and 50 (y, 1) € W,
PART 5. There exists 0 < By < 1 such that if 0 < s < min(Bysg, 8y), 0 < r
< 8 and 0 # wy = po(yo, M) € Kos/c(B) N U,(0, r) with |(yg, mo)| = 1, then
there exist i € {1,2,...,n— 1} and j € {1,2, ..., m} such that whenever

0+# w=p(y,n) € Kosyc(B) N U, (0, r) with |(y,m) =1 and |(y,m) —
(Yo M0)| < 8¢, we have

Ko.sc N (w = B) C {(05(2, £, , ), h 2 0y(2, p, », m)): 2| < s/C}.
1t follows that
H"[Koyc N (w = B)] < Hy(s/C)"

where H, is a real number which does not depend on s, w and w,
ProOF. We note that there exists 0 < S, < 1 such that

Ko psc (B) N U0, /2) C Clos X(0, v/2, Ty(B), aos)-

Therefore (yg, mp) € W; choosing i € {1,2,...,n -1} and j €
{1,2,...,m} by Part 4(i) we see that if 0% w = p(y, 1) € K;,/c(B) N

U,(0, ) with |(», )] =1 and |(y, 1) — (¥g 10| < 8, then |y,| > 2n)~ /2
Thus if (x, h(x)) € Ky,/c N (w — B), then by Parts 1 and 3 there exists a
C* function ¥, ; such that

x =0, (mx) = (X .. s Y i(mX), . o, X))
We infer from Part 4(ii) and Part 2 that we must have
0 (mx, p,y, 1) = ¥, (mx),

hence x = g;(m,x, p, y, n). The desired inclusion follows.
Now the map F defined by

F(x) = (x,h(x)), x€U,
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is Lipschitzian since A is Lipschitzian on Uy; let M be a Lipschitz constant for
F. Furthermore, 1 + H, is a Lipschitz constant for o;. Therefore,

B[ Kp,pc 0 (v = B)]

< M""H""[R"'l N {o;(z 0,7, m): |2|< s/C}] < Hy(s/C)"?

where H, = [M(1 + Hp)]* H""jU,_,(0, 1)]. This completes the proof of
Part 5.
Combining Part 3 and Part 5 and noting (4) we get the desired lemma.

LemMMA 3. Let A be a Suslin subset of R". Then H*~! almost all g € — B
satisfy one of the following three conditions:
(i) For some ¢ > 0,

limsup sup (rs)”'¢[4 N K,,(B) N U,0,r)~{0}]=0.
50t 0<r<e

(ii) For all ¢ > 0,

limsup sup (rs)”'¢[4 N K,,(B) N U,(0,r)~ {0}] = .
s—-0*  0<r<e

(i) 0 € Clos[4 N (g + B) ~ {0}].

PrOOF. The proof is similar to that of [B, 3.7].

Let r, be as in Lemma 2. We may assume A C U, (0, r,). Consider the map
F: —B X B—>R" X — Bwith F(g,b) = (g + b, g). Denote ® = F(—B X
B). Also, let

7:R* X (—B)->R" with7 (4,8)=u
and
73 R" X (=B)—> —B withm(u,8) =g

denote the projection maps.
For u € R" denote ®, = 7] '{u} N ®. Thus

9, = {(w.8):g € (u— B)n (- B)},
and it follows that forg € —Bands >0
d, N 'ﬂ{l(Kg,s) = {(u, h): h € K, n (u — B)}.
Let ¢’ be the measure on ® such that for § ¢ @,

#(5) = [ @, n ) dyu.

Now, for each positive integer » we introduce the measure ¥, over (— B)
defined by

¥(T)= sup ¢[77'(U,0,1) N =7 (T)n &]r~"
0<r<1/p
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for T ¢ —B. Let
P,=(-B)n (g lim [¥,(K,)/s"'] =0},
0,= (-B)n (& lim [#,(K,)/s""] = o},
R, = m[m (4N U,0,» ) n @],

P=UPV’ Q=ﬂQv’ R=nRv’

v=1 y=1 y=]

It follows that H*~'[(=B) ~(P U Q U R)] = 0.
Using Lemma 2 we complete the proof by proceeding as in the proof of [B,
3.7).

LEMMA 4. Let A be a Suslin subset of R" with ¢(A) < oo. Then

¢ X H''[A X B~ (S,,U S,,U Sy3)] =0.
PROOF. Let us fix a € R” and (a, b) € {a} X B. We note that 7_,(4) is a
Suslin set. Also (7_,)4¢ is a nonnegative measure such that closed sets are

(7_o)#% measurable. Consequently, replacing 4 and ¢ in Lemma 3 by
7_,(A4) and (7_,) 49 We see that

H"_l[{a} XB~S8,USU SA,S] =0.

We infer from [B, 4.1-4.2] that S, ;, S, ,, S, 3 are Suslin sets. Also, ¢(4) < oo,
hence we can apply Fubini’s theorem to obtain our assertion.

LEMMA 5. If A is a purely (o, 1) unrectifiable Suslin subset of R" such that
¢(4) < o and $(W) = 0 whenever W C A and H(W) = 0, then

¢xH"'[4XxBNnS,,]=0
Proor. This is the special case of [B, 4.6] where G = X = R".
LEMMA 6. If A is a Suslin subset of R" and $(A) < oo, then
H'[fo(4 X BN S,,)] =0.

Proor. This is immediate from [B, 4.7] with G = X = R",
LEMMA 7. Let A be a Suslin subset of R" with H'(A) < o0. Then
H'[fo(4 X BN Sy3)] =0

PROOF. Since B is separable it is sufficient to show that
H'[fy(4 X Byn S43)] =0
where B, = B N Uy, U, being an open subset of R” with H*~'(B,) < 0.
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Now, by [F1, 2.10.45] and [F1, 2.10.25] be conclude that
fn :H°(A X By N fy'{g}) dH'g< C;H'(4 X By) < o
where C, is a positive constant. Thus
H'[R" 0 {g: HY(4 X By /7' {g)) = w}] =0,
and it is not difficult to show that
fo[A X Byn Sys]  {g: HY(4 X Byn f5! {8)) = 0}

THEOREM 1. Suppose E C R™ with HY(E) < 0. Then there exists a
countably 1-rectifiable Borel subset R of R such that (E ~ R) is purely (H', 1)
unrectifiable and

(E~R)Nn(g+B)=0
for H" almost all g € R".
Furthermore, if in addition E is H' measurable and E N (g + B) = @ for
H" almost all g €R", then H(E N R) =0, hence E is purely (H, 1)
unrectifiable.

Proor. Since H' is Borel regular, we may assume E to be Borel. By
maximizing the finite measure H' | _E on the class of countably 1-rectifiable
Borel subsets of R” and using [F1, 3.2.14] we obtain a countably l-rectifiable
Borel subset R of R” such that 4 = (E ~ R) is purely (H', 1) unrectifiable.
Applying [B, 4.1 and 4.2] with G = X = R" we infer that S, ;, S,,, S, are
Suslin sets. Using Lemmas 4-7 together with [F1, 2.10.25] we easily conclude
that

Hfo(4 x B)] =0

which is equivalent to 4 N (g + B) = @ for H" almost all g € R".

Now let E be H' measurable with E N (g + B) = @ for H" almost all
g € R”. Observe that by [F1, 3.2.28] we may assume R to be a subset of a
proper 1-dimensional submanifold R, of class 1 of R”. We may also assume
0 € R and Re, = Ty(R,) where {e,,...,e,} is the standard orthonormal
basis for T(R") = R". Let

M=8""'n{uu-e =0}

Assuming B is oriented with a unit normal vector field », let us consider the
Gauss map n: B — S"~! defined by 1(b) = »(b) € R* for b € B. Since the
Gaussian curvature is nonzero at every point of B, n has nonzero Jacobian at
every point. Therefore by the inverse function theorem 7(B) is an open
subset of S"~! and thus H"~![n(B)] > 0. There therefore exists b € B at
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which n(b) 2 M. We can assume b = 0; thus e, &€ T(B) and we see that
Re, + T,(B) = R".

For r > 0 denote B, = BN U,@0,r). Since (EN R)X B, is H"
measurable application of [F1, 3.2.3] gives

-1
J J(folRy x B) dH" = [ HY[(KI(E N Ro) X B,)™'{ g} ] dHrg.
(ENR)xB, R
Now the integral on the right is zero by our hypothesis. Moreover, if
{uy, ..., u,_,}is an orthonormal basis of To(B) then

J(folRy X B)(0,0) =|e, Aty A+ ++ Athy_y|>0.

Consequently, H'[(E N R) X B,] = 0 for some r > 0, whence we conclude
using [F1, 3.2.25] that H'(E N R) = 0.
If u € R", the k-dimensional upper density of ¢ at u is

0**(¢, u) = lim supa(k) ™ 'r~*¢(U,(u, r))
r-0+
where a(Kk) is the volume of the unit k-ball U, (0, 1).

THEOREM 2. Suppose W C R", ¢(W) < o0, ¢(S) = 0 whenever S C W and
H!(S) = 0and 6*'(¢ |_ W, u) > 0 for ¢ almost all u € W. Then there exists a
countably (¢, 1)-rectifiable and ¢ measurable set Q such that (W ~ Q) is purely
(¢, 1) unrectifiable and

(W~Q)n(g+B)=0

Jor H" almost all g € R".
Furthermore, if in addition W is a Borel set such that W N (g + B) = @ Jor
H" almost all g € R", then W is purely (¢, 1) unrectifiable.

PROOF. Applying Theorem 1 one proceeds in a manner similar to the proof
of [B, 5.3].
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